A screw dislocation perpendicular to free surfaces and an interface in a two-phase plate, and a screw dislocation piercing a two-phase hollow sphere are considered. The analytical solutions of the boundary-value problems have been found for the first time with the help of the virtual defects technique. Elastic fields of the screw dislocation in the plate are presented in the form of integrals with Bessel functions. Elastic fields of the screw dislocation in the hollow sphere have the form of series with Legendre polynomials. Stress distributions in both of the considered geometries are plotted. The influence of the geometric parameters of the considered solids and the ratio of the shear moduli on the stresses is analyzed. The interaction of a screw dislocation with a parallel edge dislocation is discussed.
INTRODUCTION
Due to the rapid development of the heterostructurebased optoelectronics, one of the most important tasks in both the materials science and theory of defects is the problem of suppressing the dislocations, which nucleate in and penetrate into heterostructures, see, for example, [1] [2] [3] [4] . Threading dislocations (TDs) distort the properties of heterostructures and lead to degradation of devices based on them. To analyze the evolution of TDs, their elastic fields and energies in crystalline multilayer structures need to be known.
One of the most effective approaches for solving the related boundary-value problems in the theory of defects is the virtual defects technique (VDT). At present, VDT is rather developed [5] [6] [7] [8] . Briefly, it is based on the fact that the field of the real defect p in the medium with internal and external boundaries can be represented as a sum of the field  p of the defect in an infinite medium and the field i p of virtual defects distributed continuously on (or in the vicinity of) the boundaries: p= Threading screw dislocations in a two-phase plate and a two-phase sphere Indenbom, and Lothe used surface dislocation "rays" in the cases of straight dislocations emerging at planar boundaries [20] [21] [22] . Romanov and Kolesnikova proposed to explore virtual surface circular dislocation-disclination loops in the solution of boundary-value problems [5] [6] [7] 23] . The axisymmetric problems with spherical surfaces were solved on the base of a new representation for the elastic fields of circular dislocation loops [8] . Fig. 1 shows two problems for screw dislocations (SDs), which were solved with the help of VDT [5, 8] . As virtual defects, the twist disclination loops (TLs) distributed either on the free surfaces (Fig.  1a ) or in the vicinity of the free surface (Fig. 1b) were used. Let us consider these solutions for SDs in more details, because they will be explored in the original part of this paper. According to the equations of equilibrium and continuity, the boundary conditions for stress tensor σ and displacement vector u on a free surface and an interface are given by the following equations: ,    σ n σ n (1.2b) where n is a normal to the free surface or the interface, I and II denote the media divided by the interface.
As it was pointed earlier, we are looking for the displacement vector u and the stress tensor σ sat- For a SD perpendicular to the free surfaces of the isotropic plane-parallel plate (Fig. 1a) , the stresses σ can be written as 
where -f(c) and + f(c) are the distribution functions for the virtual TLs on the bottom and top free surfaces (Fig. 1a) , respectively; TL  zj (r,z,c) and TL  zj (r,z2h,c) are the stresses of individual TLs on the free surfaces z=0 and z=2h, respectively; c is the radius of a TL; (r,,z) is a cylindrical coordinate system.
With Eq. (1.4) taken into account, the boundary conditions (1.1) become the integral equations with unknown functions -f(c) and + f(c), which can be solved with the help of the Hankel-Bessel integral transforms [24] .
For a SD in a spherical particle of radius a (Fig.  1b) , the stresses  have the following form [8] :
where ( 0 ) is the function of distribution of virtual TLs on the spherical surface of radius R 0 (R 0 a),
TL
 j (R,,R 0 , 0 ) are the stresses of a single TL on the sphere R 0,  0 is the coordinate of the virtual TL; (R,,) is a spherical coordinate system. Using the series expansion of TL stresses, the SD stresses can be found via series with Legendre polynomials, according to results of Ref. [8] :
(cos ),
where A k , including integrals with ( 0 ), are the coefficients which can be found from boundary condition (1.1); P k 1 (cos), P k 2 (cos) are the associated Legendre polynomials; G is the shear modulus. The equation (1.6b) is written by analogy with equation (1.6a) by means of series expansion of stress component TL   [8] and Eq. (1.5). The stresses (1.6) make it possible to operate in other similar problems for SD not directly with virtual defects, but with the series containing unknown coefficients.
In this paper, we apply the VDT for calculating the elastic fields of screw dislocations piercing the plane and spherical heterostructures.
ELASTIC FIELDS OF A SCREW DISLOCATION IN A TWO-PHASE PLATE
The schematic for a SD perpendicularly piercing a flat two-phase plate is given in Fig. 2 (Fig. 2) .
The TL displacements TL u and stresses TL σ are given by the following formulas [5] :
where J(q,p,) are the Lipschitz-Hankel integrals, Taking into account the non-vanishing displacement and stress components of TLs, the boundary conditions (1.1) and (1.2) in the case under consideration can be written in the form: 
Notice that in Eq. (2.8d), it is necessary to correctly account for the sign of TL displacements (2.4a). Then we introduce a variable =/c and change the order of integration in the double integrals (2.8a-2.8d):
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It is known that the pair of the Hankel-Bessel transforms has the form [24] :
Therefore, the expression of the type
Applying the Hankel-Bessel transform with the kernel J 1 (r) to equations (2.9a-2.9d), we obtain the following system of the algebraic equations: 
where = G 2 /G 1 . Finally, with using Eqs. (2.3), (2.4), and (2.12), the elastic fields of a SD in the two-phase plate read: -in layer I (0zh 1 )
 
  
The found stresses (2.14) and (2.16) satisfy the equilibrium equations which in cylindrical coordinates have the form [28] :
It can be shown that the fields (2.13)-(2.16) are self-consistent, i.e. they obey Hooke's equations of the linear elasticity [28] :
With using the solution (2.13)-(2.16) it is possible to get results for important particular cases of (a) a SD piercing a layer on a thick substrate, (b) a SD in a homogeneous plate, and (c) a SD in a homogeneous half-space.
(a) Letting the thickness of layer II h 2 tend to infinity (h 2 ), we obtain the elastic fields for a SD piercing a layer on a thick substrate as follows: -in layer I (0zh 1 ) ( 1) ( 1) Fig. 2 
Solutions (2.23)-(2.24) coincide with the solutions found in Refs. [5, 29] and can be transform to the solutions by Eshelby and Strough [30] , which were written in series with Bessel functions.
(c) The elastic fields of a SD in a homogeneous half-space z>0 issue from fields (2.23)-(2.24) in the limit 2h; the result is 
where R 2 = r 2 + z 2 . Solutions (2.25)-(2.26) are similar to the solutions presented in Refs. [5, [31] [32] [33] .
In Fig. 3 , the stress maps for a threading SD in a two-phase plate are shown for different values of the ratio =G 2 /G 1 . As is seen from the maps, the boundary conditions for stresses z free surfaces | 0 
ELASTIC FIELDS OF A SCREW DISLOCATION IN A TWO-PHASE SPHERICAL LAYER
Consider now a SD in a two-phase hollow sphere, or in other words, in a two-phase spherical layer (Fig. 4) . The transformation of the cylindrical components of the SD displacements (2.1) and stresses (2.2) to their spherical components results in:
Here (R,,) is a spherical coordinate system (Fig.  1b, Fig. 4) . The boundary conditions for the two-phase spherical layer are as follows:
where j= R,,.
To solve the boundary-value problem (3.3) for a SD, we again use the virtual circular TLs distributed continuously on the spherical boundaries as it was proposed in Ref. [8] . In this case, boundary conditions (3.3) become more specific:
Here we take into account that TLs have the nonvanishing stress component  R [8] which figures in the boundary conditions, and the only displacement component u  [5] . Moreover, the displacements of a SD do not depend on elastic moduli G and , see Eqs. (3.1a and 3.1b), and therefore, they are continuous at the interface boundary and do not contribute to the boundary conditions, see Eq. (3.4c).
Earlier, the displacements and stresses of TLs distributed on the sphere along the z axis (Fig. 2b) , were written via series with Legendre polynomials [8] . The sphere of distribution of the TLs is the sphere of expansion for the elastic fields of an individual TL in the ensemble of distributed TLs.
In terms of the theory of elasticity, the elastic fields caused by the distributed TLs or an individual TL inside the sphere of expansion are the solution of the internal elastic problem, while the elastic fields outside the sphere of expansion are the solution of the external elastic problem for a sphere under the action of torsion.
In the framework of the above assumption, we write the solutions in the general form.
For the internal problem of a sphere under torsion, the solutions read:
where R 0 is the radius the sphere of expansion, k P 1 (cos )  and k P 2 (cos )  are associated Legendre polynomials [34] , and A k are coefficients depending on a specific problem. For the external problem of a sphere under torsion, the solutions are
where C k are coefficients depending on a specific problem. Equations (3.5)-(3.8) complement the formulas for the external and internal tasks on the sphere, given by Lurie [35] .
Boundary conditions (3.4) become a system of algebraic equations for unknown coefficients, when we expand the stress component 
Taking into account Eqs. (3.5), (3.6a), (3.7), (3.8a), (3.9), the orthogonality of the Legendre polynomials, and substitution k=2m due to Eq. (3.9), in which there are no odd terms of the series, we find the following characteristic equations from boundary conditions (3.4): 2 1) 2 (2 1)( 2 2) , 2 1) 1, 2,...
Here the series coefficients (Fig. 4) .
After some algebra, Eqs. 
, (2 2) (cos ); (cos );
At G 2 =0 and G 1 =G, Eqs. (3.12)- (3.15) give the solution for a SD piercing a homogeneous hollow sphere with internal radius a i and external radius a s : (2 2) (cos ); (cos ),
where 0Ra s . Notice that Eqs. (3.19) are identical to those found in Ref. [36] and confirmed in Ref. [8] .
In the limit a s , Eqs. (3.16)- (3.17) give the elastic fields for a SD piercing a spherical pore with radius a i in an infinite elastic medium: (cos ),
where a i R<. The maps of the cylindrical stress components   =  R sin+  cos and  z = R cos-  sin are shown in Fig. 6 for different radii of the internal free surface a i and interface a s at a fixed external radius of the sphere a e .
SUMMARY AND CONCLUSIONS
In this paper, we have presented for the first time the analytical solutions for the elastic fields of a screw dislocation (SD) perpendicular to the free surfaces and an interface in a two-phase plate, and a SD piercing a two-phase hollow sphere. The solutions of the corresponding boundary-value problems in the theory of elasticity have been found by using the VDT. The elastic fields of a SD in the flat heterostructure are given in the form of integrals with Bessel functions. The elastic fields of a SD in the spherical heterostructure are written as the series with Legendre polynomials. In addition, the SD elastic fields in all particular and limiting cases are listed. The stress maps for SDs in both the considered heterostructures are depicted.
On the base of the found SD elastic properties in flat and spherical heterostuctures, we can draw the following conclusions.
(i) SD in a spherical particle, as well as SD in a plate and in a half-space, has a stress component  r that is absent for SD parallel to the flat free and inner surfaces, or for SD in an infinite medium [25] . Also, SD has no stress component  r , when it is parallel to the axis of an infinite cylinder, either continuous [25] or hollow [37] .
This means, that threading SDs can interact with threading edge dislocations, which are parallel to them. To be more precise, the threading edge dislocation, which crosses a free surface, acquires the stress components  z and  zr that are not characteristic of it in an infinite medium [5] .
(ii) The influence of the difference in shear moduli of layers I and II on the distribution of SD fields lies in certain nuances: the zero level of stress component   that crosses the SD line, moves deeper into the layer with a larger modulus; the stress component  z decreases faster in the direction away from the SD line in the layer with a smaller modulus, see Fig. 3 .
(iii) The distribution patterns of the elastic fields are similar for SDs in the plate and spherical layer, compare Figs. 3 and 6. With a decrease in the thickness of the plate and the spherical layer, the aver- aged stresses  r decreases, and the stresses  z decrease faster in the direction away from the SD line. The curvature of the plate affects only upon some details of the stress distributions. For example, this concerns the "shifts" of the zero level of the stress  r along the SD line, compare  r in Figs. 6a and 6b.
